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Abstract 

1/-^ ■ For any n > 3, < m < (n - 2)/n, and constants j] > 0, |S > 0, a, satisfying 

cn . a < jS(n - 2)/m, we prove the existence of radially symmetric solution of ^^Av'" + 

^ [ av + l^x ■ Vv - 0, V > 0, in W, v{0) = i], without using the phase plane method. When 

• ' < m < (n — 2)/n, n > 3, and a — 2j5/(l — m)>0, we prove that the radially symmetric 

O I solution V of the above elliptic equation satisfies lim|;(.|^oo ^^^|^, = m'-m) ■ ^^ 

particular when m - j^, n>3, and a = 2jS/(l -m) > 0, the metric gjj = V^^dx^ is the 
steady soliton solution of the Yamabe flow on K" and we obtain lim|;(.|^oo \oe.\x\ — ~ 

X ■ (fi-i)(>i-2) ^ Y^gj^ < m < (n- 2)/n, n > 3, and 2j3/(l - m) > max(a, 0), we prove that 

Cd I lim|j|^oo \x\"/Pv{x) - A for some constant A > 0. For fi > or a = 0, we prove that 

the radially symmetric solution y^'") of the above elliptic elliptic equation converges 
uniformly on every compact subset of R" to the solution u of the equation (n-l)A logM+ 
au + fix ■ Vu = 0, u > 0, in R", w(0) = r], as m — > 0. 
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Introduction 



Recently there is a lot of interest in the following singular diffusion equation [Al, |DK| , 

lit = ^^^Am'" in R" X (0, T) (0.1) 



m 



which arises in the study of many physical models. When m > 1, (|0.1|) is called the porous 
medium equation which models the the flow of gases through porous medium. When 
m = 1, (|0.1|| is the well known heat equation with diffusivity coefficient equal to (n - l)/m. 
When < m < 1, (|0.1|| is called the fast diffusion equation. Interested reader can read the 
book || DK[ by P. Daskalopoulos and C.E. Kenig and the book ||V1 | | by J.L. Vazquez for the 
most recent results on (|0.1[) . 

For any n G "Z^, n > 3, < m < 1, rj > 0, suppose v is the solution of 



n-1 

m 
v{0) = i]. 



Av"' + av + ^x-yv = 0,v>0, inR" 



(0.2) 



Then as observed by B.H. Gilding and L.A. Peletier DGPl and others HDSfl, HVU, Ea, the 
function 

u^{x,t) = t-"v{xt-f^) 

is a solution of ^^ in ]R" X (0, oo) if 

2|S-1 



a = 



1 — m 



(0.3) 



and for any T > the function 

U2{x, t) = {T- tfv{x{T - tf) 

is a solution of dOl]) in R" x (0, T) if 

2|S + 1 



a = 



1 -m 



>0 



(0.4) 



and the function 



U3(x, t) = e-"'v{xe-P') 



is an eternal solution of (|0.1|) in R" x (-oo, cxi) if 



a 



1 -m 



(0.5) 



On the other hand P. Daskalopoulos and N. Sesum IIDSII proved that a locally conformally 
flat gradient Yamabe soliton with positive sectional curvature must be radially symmetric 
and the metric gij = V^dx^ satisfies (|0.2|| or 



n-1 



m 



i{p^y + V. (y'")'j + av + prv' = 0,z; > 0, 



(0.6) 



in (0, oo) and 

I ' (0.7) 

\z;'(0) = ^ ' 

for some constant rj > where dx^ is the standard metric on ]R" with m = {n - 2)/{n + 2), 

n > 3, and 

26 + pi 
« = : ^ (0.8) 

1-m 

for some constants (i > 0,a, and pi where pi = if g,y is a Yamabe steady soliton, pi < if 
gij is a Yamabe expander soliton, and pi > if gij is a Yamabe shrinker soliton. 



Since the asymptotic behaviour of the solutions of (|0.1|) are usually similar to either the 
functions u^, 112 or M3, it is important to study the solutions of (|0.2|) in order to understand 
the behaviour of solutions of (|0.1|) and the locally conformally flat gradient Yamabe soli- 
tons. Existence and uniqueness of radially symmetric solution of (|0.2|) for a, (i, satisfying 



(1041 and 

n-2 

0<m< ,n>3, (0.9) 

n 

is proved by M.A. Peletier, H. Zhang |PZ| and J.R. King ||Kl using phase plane method 
(cf. Proposition 7.4 of |V1|). Existence of radially symmetric solution of (|0.2|) for a, (i > 0, 
satisfying (|0.3|) and (|0.9|) is proved on P.22 of iDSi . A sketch of the proof of the existence of 
radially symmetric solution of (|0.2[) for m = {n -2)/{n + 2), n > 3, and a, fi > 0, satisfying 
(|0.5)) is given on P.22-23 of [iDSJ . This existence result is also noted without proof in IIGaPL 
In HDSI P. Daskalopoulos and N. Sesum also proved that if m = (n - 2)/(n + 2), n > 6 
and a, j6 > 0, satisfy (|0.5|l , then the radially symmetric solution of (|0.2|| satisfies 

log \x\ , log Ixl 

Ci-^ < z;(x)i-'" < C2-r^ as |x| ^ 00 (0.10) 

for some constants C2 > Ci > 0. 



In this paper we will extend the result of |DS| and give a new simple rigorous proof of 



the existence of radially symmetric solutions of (|0.2|) for any 7] > and a, fi, n, m, satisfying 

n-2 

0<m< , n > 3, (0.11) 

n 

and 

B{n - 2) 

a < and 6 > (0.12) 

m 



without using the phase plane method. Note that if (|0.11|) holds, then (|0.12|) holds if j6 > 
and 

a<-^— 
1-m 

hold. For 

|6 > or a = 0, (0.13) 



we prove that the radially symmetric solution v^"'^ of (|0.2|) converges uniformly on every 
compact subset of R" to the solution u of the equation 



(n - 1)A \ogu + au + (ix-Vu = 0,u> 0, in R" 
u{0) = rj 



asm ^ 0. When a, (i, m, satisfy (|0.9|l and 

a = 2|S/(1 - m) > 0, 
we prove that the radially symmetric solution v of (|0.2|| satisfies 

|xpz;(x)^-'" 2(n - l)(n -1-nm) 



lim 

W^oo log |x| 



|S(1 - m) 



(0.14) 



(0.15) 



(0.16) 



When m = {n -2)/{n + 2) and (|0.15|) hold, this result says that the locally conformally flat 
gradient steady Yamabe soli tons gjj = v'^dx^, n >3, has exact decay rate 



,. |xpz;(x)i-"' 
lim — 1 

\x\^<x log |x| 



(n-l)(n-2) 



(0.17) 



In Theorem 3.2 of | |V1| J.L.Vazquez by using phase plane method proved that if (|0.3|) and 
(|0.9|) holds, then the radially symmetric solution v of (|0.2|) satisfies 



lim \xr^v{x) = A 



(0.18) 



for some constant A > 0. In this paper we will extend this theorem and use a modification 

iple proof of 

> max(«, 0) 



of the technique of IIHsi to give a new simple proof of the result that if (|0.9|l and 

2(i 



1 -m 



(0.19) 



hold and v is the radially symmetric solution of (|0.2|) , then (|0.18|l for some constant A > 0. 
The plan of the paper is as follows. In section 1 we will prove the existence of radially 
symmetric solutions of (|0.2[) when (|0.11|) and (|0.12[) hold. We will also prove the singular 
limit of the radially symmetric solution of (|0.2|| as m — > 0. In section 2 we will prove the 
exact decay rate (|0.16|t of the radially symmetric solution of (|0.2|t when (|0.9|) and (|0.15|) 
hold. In section 3 we will prove the decay rate (|0.18|l of the radially symmetric solution of 



rfglb when dnH) and (laT9b hold. We let 



^ 



fc = ^ if a ?t 0. 

a 



and we will assume that (|0.11|) holds for the rest of the paper. 



1 Existence and singular limit of solutions 

In this section we will prove the existence of radially symmetric solutions of (|0.2|) and the 
singular limit of radially symmetric solutions of (|0.2[) as m — > 0. 

Lemma 1.1. Let m,a i^Q, fi i^Q, satisfy (|0.11|) and 

ma ^ ,^ _ 

— <n-2. (1.1) 

for any Rq > and rj > 0, let v he the solution of (|0.6|l , (|0.7|| , m (0, Rq). Then 

v + krv'{r)>0 in[0,Ro) (1.2) 

and 



(v'{r)<0 in{0,Ro) ifa>0 
\v'{r)>0 in{0,Ro) ifa<0. 

Proof: Let hi{r) = v{r) + krv'{r). By (|l.l|l . (n - 2) > m/Zc. Then by direct computation. 



(1.3) 



,, {n-2)-{m/k) ,^ v' j8 , \, {n-2)-{m/k) ^ . .^ „ ^ .. .s 

/? + ^^ — !— ^ - (1 - m)— + — !— -ru^-'" /zi = ^^ — ^—^v > in (0,Ro)- (1-4) 

\ r V n-1 I r 

Let 

/(r) = v{rr-'exp (-^ f pvipf-"^ dp] . (1.5) 

BydH, 



(r"-^-w>f{r)hi{r)y > \/0 < r < R 







r"-^-^'"''^f{r)h^{r) > VO < r < R, 
hi(r) > VO < r < R, 











and (D follows. By dOH), ([071, and (D, 



n-1 1 -, f < in (0, Ro) if « > 



±.^r"-\vn7 = -ahi 



m r"-i [>0 in(0,Ro) if«<0 

r r^-^t^"')' < in(0,Ro) if«>0 

^ \r"-^(z;'")'>0 in(0,Ro) if«<0 

and (|L3l) follows. n 



Theorem 1.2. Lei ?] > and lef a, jS G R, m, satisfy (|0.11|) and (|0.12|) . T/zen fhere exzsfs a unique 
solution V of (|0.6|l , (|0.7|| , m (0, oo). Moreover the function 

wi{r) = r2i;(r)2'^ (1.6) 

satisfies w'^{r) > Ofor all r > 0. 



Proof: We will use a modification of the proof of Theorem 1.3 of [Hsf to prove the theorem. 
If a =0, the constant function v{r) = rj is the unique solution of (|0.6|) , (|0.7[) , in (0, oo) and 
then Wi{r) - rf^r^ satisfies w'{r) > for any r > 0. Hence we may assume a 9^ in the 
proof. 

We next note that uniqueness of solution of (|0.6[) , (|0.7[) , in (0, 00) follows by standard 
O.D.E. theory. Hence we only need to prove existence of solution of (|0.6|) , (|0.7|) , in (0, 00). 
Local existence of solution of (|0.6|) , (|0.7|) , in a neighbourhood of the origin follows by 
standard O.D.E. theory. 



Let (0,i^o) be the maximal interval of existence of solution of (|0.6|t , (|0.7|) . Suppose 
Rq < 00. Then there exists a sequence {fii'^^y fi /^ Ro as i — > 00, such that either 

l^'(^/)l —» 00 as z —» 00 or v{rj) \ as z —> 00 or u(ri) — > cx) as z ^ cx). 

By (laT2lt , (ILTIi holds. Hence by Lemma O 

w;(r) = 2ru2'^ + Ikr^v^'W = 2rv^-\v + krv') > VO < r < Rq- 



We now divide the proof into two cases. 
Case 1: a > 0. 



BydlZl), 



w^{r) = r^v^ > Wi{Ro/2) > VRo/2 < r < Rq 
^ t;(r) > (R-V(i^o/2))* VRo/2 < r < Rq- 
By Lemma IlTIz;' < on (0,Ro)- Hence 

< v{r) < v{0) = 7] VO < r < Ro- 
By das), dOZl), and (HU), 



n-1 1 



m r' 



_(,«-i(^myy ^ _(^^ ^ ^^^,) ^ (q^ ^^) 



{n-iy-'{v"J = -m\a 



p''-Mp)dp + lij^p"v'{p)dp\ 



(n - l)(z;"V?^)' = -^rv{r) + „ ^ p"-Mp)dp 

^" Jo 

(n - l)v{ry'-^\v'{r)\ < Ls + ^^- ARoviO) 

I \nB - a\\ r, 



in(0,Ro) 
in(0,Ro) 
in(0,Ro) 
in(0,Ro). 



(1-7) 



(1-8) 



(1.9) 



(1.10) 



(1.11) 



By (|1.8|) , (|1.9|) , (|1.11|) , a contradiction arises. Hence no such sequence {^;})^^ exists. Thus 
Ro = 00 and there exists a unique solution of (|0.6|l , (|0.7[) , in (0, 00). 
Case 2: a < 0. 



By Lemma [LTI 



0<v'{r)<— miO,Ro). 
\k\r 



(1.12) 



By (|1.12[) and an argument similar to the proof of case 2 of Theorem 1.3 of |Hs|, there exists 
a constant C > such that 



Then 
and 



< v\r) < Cv{r) VO < r < Rq. 
v{0) < v{r) < z;(0)exp (CRq) \/0 < r < Rq 



(1.13) 



< v'ir) < Cz;(0)exp (CRq) VO < r < Rq. (1.14) 

By (|1.13|) and (|1.14[) , a contradiction arises. Hence no such sequence {?',}J^^ exists. Thus 
Rq = oo and there exists a unique solution of (|0.6|) , (|0.7[) , in (0, oo). By case 1, case 2, and 
(|1.7[) the lemma follows. n 



Theorem 1.3. Le^ r/ > and m, n, a, fi, satisfy (|0.11|) anrf (|0.13|) and lei J7^'"' fee ihe radially 
symmetric solution of (|0.2[) . T/zen z;^'") converges uniformly on every compact subset o/R" to i/ze 
solution of (|0.14|) asm ^ Q. 



Proof. If a = 0, then y^"'^ = 7] on R" which satisfies (|0.14|) and we are done. Hence we may 
assume that a 9^ 0. Then by (|0.11|) and (|0.13|l there exists a constant m^ G (0, (n - 2)/n) 



such that (|0.12|) holds for any < m < m'^. Without loss of generality we may assume that 
< m < m^ in the proof. Note that v^'"\x) = z;('")(|x|) satisfies dOU) and ^7} in (0, co). Let 
{m,}|^^ be a sequence such that < m, < m'^ for all z G Z+ and m, — > as z — > 00. We now 
divide the proof into two cases. 
Case 1: a > 0. 



By the proof of Theorem [L2l v^"'^ satisfies (dU), (iLlOll . and ([LTT]) in (0, 00). Hence 



< v^'^'ir) <ri Vr > 0, 



(n - l)(z;('"^'"/m)' = -^rv^'"\r) + ^^^ ^ f^ f p"-iz;("')(p) ^P in (0, 00) 

''" Jo 



(1.15) 



m 



m 



= -;ri"X'''''^'"^^''^'^''^^^X'^(X''''"''''^^^^ in(0,cx,), (1.16) 

and for any ro > 0, 



(n-1) 



^v^"\r) 
dr 



<\P + 



\nB - a\\ , ^, 
'^ 't]^""Vo VO<r<ro 



n 



\v^'"\ri) - v^'"\r2)\ < Cirolri - r2\ VO < n, r2 < ro 



(1.17) 



where 

Ci = (n - 1)-H2j6 + i\a\/n))max{l,r]f. 

By (|1.15|l and (|1.17[) , the sequence {v^"^'^°Z^ is equi-Holder continuous on every compact 
subset of [0, oo). By the Ascoli Theorem the sequence {u^'"'^)^^ has a subsequence which we 
may assume without loss of generality to be the sequence itself that converges uniformly 
on every compact subset of [0, oo) to some continuous function u as z — > oo and m(0) = rj. 
Bydnzl), 

\u{r) - w(0)| < CiVor VO < r < ro 
u{r) - ii{0) 



lim sup 



lim 



u{r) - u{0) 



< Cro Vro > 
as ro ^ 0. 



Hence u is differentiable at r = with u'{0) = 0. Thus 

u{0) = 1], u'(0) = 

hold. By (IlTtIi . 

v^"'\r) > v^"'\0) - (77/2) = 7]/2 VO < r < min(l, 7]/(2Ci)) 
=> u{r) > 7]/2 VO < r < min(l, 7]/(2Ci)) asm = nii — > 00. 



(1.18) 



(1.19) 



By (|1.19|) there exists a maximal interval (0,Ri) such that u{r) > in (0,Ri). Suppose 
Ri < 00. Then u{Ri) = 0. For any < 6 < Ri, since 

inf u(r) := Cq > 0, 

0<r<Ri-5 

there exists z'o e Z"^ such that 

z^^"''^(r) > Co/2 VO < r < Ri - 6, z > Zo- 
By (|1.15|l , (|1.20|) , and the mean value theorem. 



(1.20) 



m,- 



logu(r) 



=|e^' log u^"''^ - log u{r)\ 

<e^'\ logu^'"'^ - logM(r)| + \e^' - 1|| logu(r)| 
<e'"'^\ logv^"'-^ - log w(r)| + |e*' - 1|| log w(r)| 
— >0 uniformly on [0, Ri - 6] as /—» 00 



(1.21) 



for some £.i satisfying |^,| < miM for any i e Z"^ where M = max(| log rj\, \ log(co/2)|). Putting 
m = m, in (|1.16|) and letting z — ^ 00, by (|1.21|) , 

(n-l)logw(r) = -|6 I pu{p) dp + {n^ - a) I ^(( o''-^u{p)dp\ do in(0,Ri). (1.22) 



Since the right hand side of (|1.22[) is a differentiable function of r G [0,Ri), u{r) is a 
)le func 

(n-1) 



differentiable function of r G [0, Ri). Differentiating (|1.22[) with respect to r, 
u'{r) 



u{r) 



-firu{r) + %^ r p"-Mp)dp in (0,Ri) 
^ Jo 



(n-l)j^^lJij = -a f p"-hi{p)dp-^ f p"u'{p)dp in(0,Ri). 



(1.23) 
(1.24) 



Since the right hand side of (|1.24|l is a differentiable function of r G [0,Ri), u'{r)/u{r) is a 
differentiable function of r G [0, Ki). Differentiating (|1.24[) with respect to r, 



^ ^^.JV n-lu' 

n-1 - + 

' M / r u 



in - 1)- 



1 /r"-H/ 



,n-l,,/\' 



■fi-l 



-aw - pru' in (0, Ri). 



(1.25) 



Hence w is a classical solution of (|1.25|) and satisfies (|1.18|) . By Theorem 1.3 of HHsl and a 
rescaltng there exists a unique positive solution u of (|1.25|) in [0, oo) that satisfies (|1.18|) . By 
uniqueness of solution, 

u{r) = u{r) VO < r < Ri ^ u{R^) = u{Ri) > 

and contradiction arises. Hence Ri = (x> and u{r) > for all r > 0. By the above argument 



the solution u satisfies (|1.25|) and (|1.18|l and u{r) = u{r) is the a unique positive solution u 
of (|1.25|) in [0, oo) that satisfies (|1.18|) . Since the sequence {wtjj^^ is arbitrary, y^'"^ converges 
uniformly on every compact subset of R" to the solution u of (|0.14|l as m — > 0. 
Case 2: a < 0. 



By the proof of Theorem II. 2[ v^'"'> satisfies (|1.10|| and (|1.12[) in (0, oo). We choose nto G 
(0, mg] such that 

1 



- < (2?])"' < 2 VO < m < mo 
and let ro = min((8C2r])-5,(8C27])-^) where C2 = (2|S + (|«|/n))/(n - 1). Let 

r„i = sup{6' > : v{r) < 2?] VO < r < 6'}. 
By (|aZl», r„, > 0. We claim that 

Tm > ro VO < m < mo. 



(1.26) 



(1.27) 



Suppose (|1.27|) does not hold. Then there exists m' G (0, mo] such that r^' < r^. Then by 
(fTTOl) and dnH), 



dz;('"') 



dr 



dr 



(r) 
(r) 



1 / nB-a 

< iSrt;(r) + 

n-ly ^ r 



^ ^ p"-Mp) dp] v{rf-'' VO < r < r,. 



<{n - l)-H2jS + (|a|/n))(27])2-"''r = %C2^^r \/0<r< r^, 



,('"')(■ 



yC" )(^) <j^ + 4C2rj^r^ < 37]/2 VO < r < r„y. 



(1.28) 
(1.29) 



By (|1.29|) and continuity there exists a constant 61 > such that v^'"'\r) < 2?] in [0, r^' + 61]. 
This contradicts the choice of r,„'. Hence no such m' exists and (|1.27[) holds. By (|1.12|l and 



UM> 



< — ;— (r) < 8C2ri\ = V VO < r < ro, < m < mo 
ar 

t] < v^'"\r) <2ri VO < r < ro, < m < mo. 



(1.30) 
(1.31) 



(1.32) 



By (pl)l and ((L3T1) , 

v^'"\ro) < v^'"\r) < v^"'\ro){r/ro)^^ Vr > ro, < m < mo 
=^ t] <v^"'\r) <2ri{r/ro)\k\ Vr > ro,0 < m < mQ. 

By (|1.12)l , (I1.30D , (11.311) and (11.321) , for any ri > there exists a constant Mr, > such that 

r^ < A/1.. V(l < r < r, ^ m < w„ 

(1.33) 



< —^{r) < Mr, VO < r < ri, < m < mo 



dr 
T] < v^"'\r) <Mr, VO < r < ri, < m < mo- 



By (|1.33|) the sequence {^W;})^^ is equi-Holder continuous on every compact subset of [0, 00). 
By the Ascoli theorem the sequence [Tni]"^^ has a subsequence which we may assume 
without loss of generality to be the sequence itself that converges uniformly to some 
continuous function u on every compact subset of [0, cxi) as z — > 00. By an argument 
similar to the proof of case 1 u is the a unique positive solution u of (|1.25|) in [0, 00) that 
satisfies (|1.18|) . Since the sequence {t^;})^^ is arbitrary, u^'"^ converges uniformly on every 
compact subset of R" to the solution 11 of (|0.14|) as m — > and the theorem follows. n 



2j8 

2 Exact decay rate for a = j^ > 



In this section we will prove the exact decay rate (|0.16|) for the radially symmetric solution 



V of dog) when ^^ and (lOTSl) hold. We let 



1 M7 

h{r) = v -\ rv'{r) and zf(r) = r^v{r)^~"'. 



Lemma 2.1. Le^ ?] > 0, and a, (i, m, satisfies (|0.11|) and 

2^ 



1 - m 



>« >0. 



(2.1) 



Lei u fee the radially symmetric solution of (|0.2[) . Then h(r) > 0/or any r > anrf w'('') > ^fa^ 
any r > 0. 



10 



Proof: By direct computation, 

,,, ^ (n-2-mn ,^ ^v' jS ^ \ 

\ (1 - m)r ^ t; (n - 1) / 

=^ + 7h-^-«k^^ >0 Vr>0. 2.2 

1-m r n-l\l -m J 

Let / be given by (O). Then by (|Z2)) . 

w — 2 — nin 

{r^=^f{r)h{r)y > => /z(r) > Vr > 0. 

Hence 

w'(r) = 2rv{r)-"'h{r) > Vr > 

and the lemma follows. D 

Let T] > 0, and let m, a, j6, pi, satisfy (|0.8|) and (|0.9|) . Suppose u is a radially symmetric 
solution of (|0.2)) . Let s = log r and Ui = wt^. Then V\ satisfies 

n-2-(n + 2)m 2m(n - 2 - nm) „, "^^ ^Pi - n r? ^^ 

1-m (1 - my n-\ (1 - m)(n - 1) 

in (-00, cx)) and w satisfies 

1 - 2m Ws n - 2 - (n + 2)m iS pi , 2(n - 2 - nm) , ^ 

Wss = -; z lOs -wws -w + w (2.4) 

1-m w 1-m n-1 n -1 1-m 

in {-co, CX)) or equivalently 

L n-2- (n + 2)m\wr l-2m w^ 6 wWr Pi w'^ 2(n-2-nm)w 

TVrr + \l + :r^ — + ^—r + ^—r^ - ^ -^ = 

\ 1-m J r 1-m zv n-1 r n-1 f^ 1-m r^ 

(2.5) 



in (0, CX)). When pi = 0, (|Z3l), (|231», and dZS]) reduce to 



, „, n - 2 - (n + 2)m , „„ 2m(n - 2 - nm) ,„ mS .... 

K)ss + ^-^ ^K)s 7^ ^< + —^^U = in (-CX3, cx,), (2.6) 

i — m (i — m)'^ n — i 

1 - 2m vol n-2-{n+ 2)m S 2{n-2- nm) , . , . 

Wss = -; --, Ws -wWs + w m (-cxj, cxi) (2.7) 

1-m w 1-m n-1 1-m 

and 

/ n -2 - (n + 2)m\ zfr l-2m w]. 6 wWy 2{n-2-nm)w 

Wrr + \1 + -; + 7 = (2.8) 

\ 1-m ) r 1-m w n-1 r 1-m r^ 

in (0, CX)). 



11 



Lemma 2.2. Let r] > and let m, a, fi, satisfy (|0.9|) and (|0.15|) . Let v be the radially symmetric 



solution of (|0.2|) . Then there exist constants Ci > 0, C2 > 0, C3 > 0, such that 

rwr{r) 



iv{r) 
and 



< Ci Vr > (2.9) 



C2 < rwrir) < C3 Vr > 1. (2.10) 

Moreover 

w{r) — > cx) fls r ^ 00. (2.11) 

Proof: Note that i;i(-oo) = t;i,s(-oo) = and by Lemma lzn z;ic > on {-00, 00). Let 

n - 2 - (n + 2)m 2m(n -2-nm) 

h = z and bi = . (2.12) 

1-m (1 - my 

Iffco>0,thenby(|2H), 

«)ss-Mr<o ^ «)s<Mr ^ ^^< ^^~"'^^' vr>o 

w(r) m 



and dZD follows. 
If bo < 0, by (EU), 



(z;r)ss + &o(z^r)« - ^i< ^ 0- (2-13) 

Letp = (ups/<- Then by dZTSb , 

P« = M? - 4;^ ^ l^olp + &i - p' = -(p - (|&ol/2))^ + b, + ibll^). (2.14) 

Let 

3m 



&2 = max (— — , ^bi + &o + l&ol) • 



We claim that 

p{s) <b2 Vs G R. (2.15) 

Suppose (|2.15|l does not hold. Then there exists Sq e IR such that p(so) > fc2- Since 

Vis m Ws m riv,- 2m ( 1-m ru,.(r)\ ,^ „ .^ 

Vi 1-m w 1-m w l-m\ 2 v{r) j 

p{s = -00) = 2m/{l - m). Let Si = infjs' < Sq : p{s) > ^2 Vs' < s < Sq\. Then -00 < si < Sq, 
p(s) > &2 for any s G (si,So), and p(si) = &2- By (|2.14|) , ps(s) < for any s G (si,So). Hence 
p(so) < p(si) = b2. Thus contradiction arises and (|2.15)l follows. Then by (|2.15)l and (|2.16|) , 



23 holds with Ci = fc2/?^- 
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Let 

2{n-2-nm) /3 j -i ni, i n o \/m i ^nu 

fli = z , ^2 = 7 7T— , and fl3 = fl/ max(|&ol, |1 - 2w|/(|l - m|zy(l))). 

i — m (n — ijfli 

Since Ws > for any s G ]R, w{s) > w(l) for any s > 1. Then by (|2.7|l . 

Wss > fll((l -fl2Ws)w -fl3(Ws +^t's)) VS > 1. (2.17) 

Suppose Ws < q := min(l,(2fl2)"^w(l)/(8fl3)) for all s > 1. Then by €A7} . 

Wss > fliw(l)/4 > Vs > 1. (2.18) 

Hence iVg -^ oo as s ^> oo and contradiction arises. Thus there exists Si > 1 such that 
zfs(si) > q. Suppose there exists $2 > Si such that Ws(s2) < q. Let S3 = inf {s' < S2 : Ws{s) < 
C'2 Vs' < s < S2}. Then Si < S3 < S2 and Wsiss) = q. Then by the above argument (|2.18|l 
holds in (S3,S2). Hence Ws{s2) > iVsiss) = C'^ and contradiction arises. Thus Wsis) > C'^ 



for any s > Si. Since Wsis) > for all s G R, the left hand side of (|2.10[) holds with 
C2 = min(C2,min[o,si] '^s{s)) > and (|2.11|) holds. 



Let 

^ /^(1-m) 

3(n - 1) 3(n - 1) 

By 1221) and UM> 



Wss < 



(l&ol - a4'w)Ws + aiw{l - {a2/3)zVs) + (1 - m) ^Ws[{l - 2m)Ci - Usiv] if < m < 1/2 

(l&ol - cii'w)Ws + aiw{l - (fl2/3)Ws) if 1/2 <m < {n- 2)/n. 

(2.19) 
By (|2.11|) there exists a constant Sq > such that 



w > max((l - 2m)Cilas, l&olM) Vs > Sq. (2.20) 

By (IZT9ll and dZlOb , 



Wss < fllW(l - (fl2/3)Ws) Vs > Sq. (2.21) 

We claim that there exists a constant s^ > Sq such that 

Ws < C3 :=max(5/fl2,2ws(so)) 'is>s[. (2.22) 

Suppose (|2.22|) does not hold. Then there exists a constant S2 > Sq such that 

Wsis'^) > C3. 

Let S3 = infjso < t^ < s'^ : Wsis) > C3 'itQ < s < Sj}. Then Sq < S3 < Sj, Ws > C3 for 
any S3 < s < S2, and Wsis'^ = C3. Then by (|2.21|) Wss < in (S3,S2). Hence Ws(s2) ^ 
Zfs(s3) = C3 and contradiction arises. Thus no such constant S2 exists and there exists a 
constant s^ > Sq such that (|2.22[) holds. Then the right hand side of (|2.10|) holds with 



C3 = max(C3, max[o,s;] Ws(s)) > 0. n 
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Theorem 2.3. Let rj > and let m, a, p, satisfy (|0.9|) and (|0.15|) . Let v he the radially symmetric 
solution of (|0.2|| . Then (|0.16|) /zo/ds. 



Proof: Let (^(r) = rwr{r), 



_2{n-2- nm){n - 1) 
(1 - m)jS 



and let &o be given by (|ZT2)) . By (IZSl) , 

n - 1 ri-''o 



(rVM^)'^)' = -^-^(«o-^(r)) Vr>0 (2.23) 



Since 



^0 jS w . . 1 - 2m 0^ , , 

^,- + -^ + -^-0? - «o = -j — Vr > 

r n-1 r 1 -m rzv 

^1,, + -^1 + ^-^1 = 1 -^ — Vr>0. 2.24 

r n-lr 1 -m riv r 



r'«qir)w{rf-^ = r'° ■ (Mr)'-'")'^ ■ 2r'v{rr"h{r) = 2r'^^v{rr 1 + 1-^ '""'-^'^ 



v{y) 
Xvcc\.r"° c\{r)w{r)^^ = 0, 



integrating (|2.23)) over (0, r), 

r^'>q{r)w{rf-^ = -^ I p^°-^w{p)^'{ao - q{p))dp (2.25) 

'^ ~ 1 Jo 

g r p'"'-iw(p)T^(flo - ^(p)) dp 

^ ^('') = r^-^^^ TTT^;;;^^ (2.26) 

Let {Ti}'^-^ be a sequence of positive numbers such that r, — > oo as f ^ cx). By Lemma 12.21 
there exist constants Ci > 0, C2 > 0, C3 > 0, such that ^M and (IZTOb holds. Then by (IZTOll 



the sequence {r,}J^^ has a subsequence which we may assume without loss of generality 
to be the sequence itself such that qiri) —> ^00 as z —> 00 for some constant qoo satisfying 

C2 < ^co < C3. (2.27) 

Suppose qco i^ a^. Let 

/i(r) = exp \——^ J p-^w{p) dp\ . 

We now divide the proof into three cases. 
Case 1 : (n - 2)/(n + 2) < m = 1/2 < (n - 2)/n. 
Then h^ < 0. Since m = 1/2, by (IZ24ll . 

{r^°fi{r)qi{r)y < ^ ^i(r) < ^ < ^(r) < Aq Vr > 0. (2.28) 
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oo as ?—> oo 



Hence ^oo < ^o- Then by (IZ26l) and (IZ28b , 

^(^0 = -^'-f"' r ' p''°-'it^(p)^(flo - q{p)) dp 
n - i Jo 

and contradiction arises. Hence qoo = %■ 

Case 2 : (n - 2)/(n + 2) <m<{n- 2)/n and m 9^ 1/2. 

Since fco < 0, by Lemma |Z2l (IZ25b , (IZ26b , (IZ271) , and the I'Hosiptal rule. 



^00 =\lim q{ri)\ 



^ 



n-\ 



lim 



rf°l/;>"o-ia;(p)T^(flo-r?(p))rfp 



w{Yi) 



2m-l 
1-m 



^ 



n-1 



lim 



Mrf"^-' r P'°"'W(P)^(«0 - q{p))dp + r-'wiri)i^{ao - qird) 



'{n-l)\2m-l\'^°° 
=00. 



2m-l / \ 3"'-2 / \ 

lim[|&ol(" - l)jS"^gooW(rO + w(r;)^(flo - ^00)] 



Hence contraction arises. Thus q^o = flo- 
Case 3 : < m < (n - 2)/(n + 2). 
Then &o > 0. By ((U^ . 



/,(l)^i(l) - aofco /; p^-7i(p) rfp + S i' ^^^i?^ dp 



X ^ -im r 

fi{l)qi{l) - aobo 



i-im r p'o'^qipffiip) 



r^ofi{r) 



w{p) 
Vr>l. 



dp Vr > 1 
(2.29) 



By dUl), (IZTTIl , and the I'Hosiptal rule. 



|in,M^ = ^ltoinf'-"-W-'->> 



(! 



■w{r) n-1 r^°° w'{r) {n - l)Ci '-^0° 

Thus there exists a constant Ri > 1 such that 

Mr) 



liminf/i(r) = 00. 



w(r) 



> 1 Vr > Ri. 



By (IZTOll and (IZ30b , 



r 



p''-^^(p)Vi(p) 



z(;(p) 



dp>C f p^°-^ dp 



00 as r ^ 00. 



(2.30) 



(2.31) 



On the other hand 



};p'^-'Mp)dp 

lim , - , , = lim 



r^-'-ViW 



bor'^o-^fiir) + p{n - l)-^r^°-ho{r)fi{r) 



lim 



fco + j6(n - l)-%(r) 

(2.32) 



0. 
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By C23, C23, C3D, C23 and the I'Hosiptal rule. 



lim qi{ri) = lim 



r-'Mrd 



lim- 



1 - m .-co bor';°-'Mrd + (i{n - lyh'^-'wirdfiird 

l-2m,. q{ri)hv{r,)-^ 

iim ■ 



=0 

Hence q^ = Uq. 

By case 1, case 2, and case 3, g(r,) — > Aq ^s i — » oo. Since the sequence {r,})^^ is arbitrary, 
^(r) ^ flo as r — > oo. n 

Corollary 2.4. T/ze metric gtj = V'^dx^, n > 3, of a locally conformally flat gradient steady 
Yamabe soliton where v satisfies (|0.2|) has the exact decay rate (|0.17|) . 

By Theorem II .31 Theorem 12.31 and the result of MHsll we have the following result. 

Corollary 2.5. Let j6 > 0, 7] > 0, and n >3. For any < m < (n - 2)/n, let am = 2j6/(l - m) and 
let v^"^^ be the radially solution of (|0.2|| luith a = am- Then 

|^|2y(m)(^)l-m |^|2y(m)(^)l-m 2{n - l){n - 2) 

lim lim ; — = lim lim ■ = . 

[xHoo m— log |X| m— |xHcx> log \x\ p 

2^ 



3 Decay rate for r^ > max(a, 0) 



In this section we will use a modification of the technique of HHsl to prove the decay rate 



(|0.18|t of the radially symmetric solution of ((O^ when ((O^ and (|0.19|) hold 



Theorem 3.1. Le^ 7] > anrf Zef m, n, a, j6, satisfies (|0.9|) anrf (|0.19|) . Lef u fee ^/ze solution of (|0.2|| . 
r/zen (|0.18|l holds for some constant A> 0. 



Proof: Leti^(r) = r"^Pv{r). Then by Lemma [LTI 

g'(r) = (a/|S)r?"\i;(r) + krv'{r)) > Vr > 0. (3.1) 

By direct computation, 

/^y ^ n - 1 - (2ma//j) _ ^ ^ ^ /^\' ^ fir'-f^'-'"^q' ^ a n-2- jm/k) 

\q) r 9 "^U; {n-l)q"' ^ r^ ■ V ■ ) 
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Let 



/2(r) = exp 1^ J' p'-l^'-^qipr-' dpj . 
Then f^{r) = {n- l)-i|6/"F^^"'"^^(r)i-'"/2(?') and 

fiir) > exp i^^^^ f p'"^^'"'"' dp] = exp (co(/-?^'-"^ - 1)) ^ co as r ^ co. (3.3) 



where 

Co 



(n - 1)(2 - ^(1 - m)) 



Letci = ^(l)'"-i^'(l)/2(l)andc2 = {a/^){n-2-{m/k)). Multiplying (13:21) by r"-^-P'"«/^)t^(r)'"/,(r) 
and integrating over (1, r), 

r"-i-(2'"«/^)g(r)'"/2(r) • ii^ = ci + C2 f p''-^-<""«/^'g(p)'"/2(p) dp Vr > 1. (3.4) 

By (|33l), dMl), and the I'Hosiptal rule, 

q'{r) Ci + C2 //' p"-3-("-/'5)^(p)"'/2(p) dp 
lim sup rP— — - < lim sup t—t — 7^7—- — 7-— 

y.n-?,-{lmal^)^(y\m r/^\ 



where 



<C2 lim sup — i^ Vp > (3.5) 

r— >oo ^y) 



F{r) ={n-p-l- (2m«/|6))r"-P-2-(2"^"/^)g(r)"72(r) + mr"-^-^-^^"'"'^\{ry'-\'{r)f2{r) 
+ r"-P-i-(2'"'^/^^^(r)'"/2(r) 
>(n - p - 1 - {2ma/^))r"-P-^-^^""''f^^qir)"'f2ir) + r"-P-^-^^""''f^^qiry"f^{r) 
={n-p-l- (2ma/|S))r"-P-2-P"^«/^)g(r)"'/2(r) + (n - l)-^^r"-P-^''/^^^^+"'^q{r)f2{r) (3.6) 

By dH), (1331) and (1331) , 



<limsuprP- ^ ^ 



<C2 lim sup 
<C2 lim sup 



r 



n-3-{2ma/li)r,(y\m 



fP^q{ry'f2ir) 



{n-p-1- ^)r"-p-^-i2^""/P)q{rynf2{r) + p{n - l)-ir"-P-(«//^)(i+'")g(r)/2(r) 

1 



(n-p-1 - 2m«yi-p + ^(„ _ l)-l;.3-p-(a//5)(l-m)^(^)l- 

=0 VI < p < 3 - {aip){l - m). 
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Hence 

q'(r) 
lim rf -^ =0 Vl<p<3- {a/B){l - m). (3.7) 



Let po = 2 - («/2|6)(l - m). By (10191) , 1 < po < 3 - {aip){l - m). By (IST)) . 



I logg(r) - logg(l)| < J |(log^)'(p)| rfp < C J p-P° rfp < C3 Vr > 1. (3.8) 

for some constant C3 > 0. Hence 

e-^'q{\) < q{r) < e^'q{l) Mr > 1. (3.9) 

By (|3.1|) and (|3.9|) , i^(r) increases to some constant A G IR as r — > cx) and the theorem follows. 

n 
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